Graphene nanoribbon quantum dot qubits have been proposed as promising candidates for quantum computing applications to overcome the spin-decoherence problems associated with typical semiconductor (e.g. GaAs) quantum dot qubits. We perform theoretical studies of the electronic structures of graphene nanoribbon quantum dots by solving the Dirac equation with appropriate boundary conditions. We then evaluate the exchange splitting based on an unrestricted Hartree-Fock method for the Dirac particles. The electronic wave function and long-range exchange coupling due to the Klein tunneling and the Coulomb interaction are calculated for various gate configurations. It is found that the exchange coupling between qubits can be significantly enhanced by the Klein tunneling effect. The implications of our results for practical qubit construction and operation are discussed.
I. INTRODUCTION
Despite rapid progress in computer technology, there are still computational problems that are difficult to solve for any known algorithm that uses modern computers. However, the theory that describes physics on atomic length-scales, quantum mechanics, suggests a new way to attack hard computational problems in a more efficient way. A computer using operations involving the entanglement of quantum states is known as a quantum computer.
1 A number of algorithms proposed for quantum computers are expected to solve many classically hard problems. 2 For example, Shor's algorithm 3 can efficiently solve the prime factorization problem, which is difficult to solve even with state-of-the-art classical algorithms and computers. The quantum analog of the bit -the fundamental information storage unit in classical computers -is called the qubit. Many physical realizations of qubits for quantum computers are being developed, including semiconductor, superconductor, nuclear, and optical qubit systems. The mature semiconductor manufacturing industry today offers several advantages in the construction of semiconductor qubits. In particular, the nanoscale semiconductor structure known as the quantum dot has been proposed as a possible realization of the semiconductor qubit. 4 Semiconductor qubits constructed from typical semiconductor (e.g. GaAs) quantum dots have limited usefulness, because quantum information stored in the device can be lost due to spin-decoherence. Sources of spindecoherence in semiconductors include the spin-orbit, hyperfine, and electron-phonon interactions. Graphene, [5] [6] [7] a two-dimensional lattice structure formed by carbon, is a promising material for avoiding spin-decoherence. 8 Graphene has not only weak spin-orbit coupling, but also a negligible hyperfine interaction, since carbon-12 has zero nuclear spin. These advantages of graphene have driven researchers towards developing a graphene-based qubit. One proposed model for the graphene qubit is the graphene nanoribbon (GNB) quantum dot, [8] [9] [10] which has been experimentally realized by several groups.
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Previous theoretical efforts to model GNB quantum dots 8 offer only estimates of the electron-electron interaction and many-particle effects in graphene. Consequently, it is not clear if the predicted long-range Heisenberg exchange coupling between the dots-which is necessary for qubit operations in universal quantum computing-can be achieved in practice. Nor are the effects of gate voltage changes on the electronic structure and the exchange coupling in the multi-electron regime well understood. Realistic models of graphene qubit operation require a better understanding of these effects. 4 To understand how the GNB quantum dot qubit functions in real applications, we study a more complete model of the graphene qubit using a numerical approach.
To study the exchange coupling between two graphene qubits, we use an unrestricted HartreeFock method with a generalized-valence-bond (GVB) wave function. [17] [18] [19] [20] This is a double-Slater-determinant approach, which takes into account the correlation effect due to charge separation and is suitable for describing diatomic molecules. In contrast, the conventional HartreeFock method, which uses factorized single-particle product states (i.e. a single determinant) cannot describe the correlation effect. The GVB method allows us to capture the physics of entangled states (crucial for quantum computing), which cannot be described by the singledeterminant Hartree-Fock method. 21 The computational cost of the GVB method is much lower than that of the configuration interaction calculations. 17, 22 Thus, it is eas-ier to analyze the exchange coupling between two qubits in various gate configurations with the GVB method. In this work, we employ this numerical scheme and the Dirac equation to provide a realistic simulation of a GNB quantum dot qubit.
II. METHOD A. One-particle problem
Consider a graphene nanoribbon with width W and length L and armchair boundary conditions. Let the xaxis be the direction across the width of the nanoribbon and the y-axis be the direction parallel to the length of the ribbon. The behavior of an electron with energy close to the Fermi level in this system can be described by the Dirac equation 5, 8, 9, 23, 24 H 1 |ψ = ǫ|ψ (1)
where is Planck's constant, v is the Fermi velocity of graphene, σ x , σ y are Pauli matrices for the pseudospin describing two sublattices of graphene, ∂ x , ∂ y are partial derivatives, and V (y) is the electrical confining potential along the y-axis. |ψ is a 4-component spinor in the form
where K, K ′ label the two valleys in the Brillouin zone of graphene, A, B label the two sublattices of graphene, and ψ is the envelope function.
We expand the electron envelope function within a basis set as follows
x, y|ψ
where {f m (y)} is a set of basis functions of variable y, s = A, B labels the two components of the pseudospin describing two sublattices. The basis vectors for the twocomponent pseudospinors are
The boundary conditions are
where µ = ±1, 0 is a constant determined by the termination of the ribbon edge. µ = ±1 defines the semiconducting boundary condition. The symbol I 2 in Eqs. (7) and (8) denotes a 2 × 2 identity matrix in pseudospin space. Imposing the semiconducting boundary conditions on the basis functions leads to quantization of the electronic states in the x-direction
where the characteristic momentum scale q 0 = π 3W is defined by the width of the ribbon W . In this work, 1/q 0 is the characteristic length scale and vq 0 is a characteristic energy scale. Throughout this paper, we consider only the condition with n = 0 and µ = +1, since the ribbon is narrow enough such that the energies of higher confined states are outside the range of interest.
The basis functions f m (y) are chosen to be sinusoidal functions confined within the interval [0, L],
The matrix elements of the one-particle Hamiltonian and overlap can then be written down analytically. The Dirac equation is cast into the form of a generalized eigenvalue problem
which is solved numerically.
B. Two-particle problem
To evaluate the exchange coupling between two electrons separately located in two neighboring GNB quantum dots, we need to consider the mutual Coulomb interaction and exchange term between them. The Coulomb interaction in two-dimension is given by
where (
4πǫ v ) is a dimensionless Coulomb parameter, which can be viewed as the fine-structure constant of graphene. One expects e 2 4πǫ v = 2.2 or smaller for a suspended graphene. 6, 25, 26 In this work we use e 2 4πǫ v = 1.43 for graphene on quartz substrate. 25 We adopt the unrestricted Hartree-Fock method with generalized-valence-bond wave function 20 to solve the two-particle problem. Because the spin-orbit interaction is omitted here, the total wavefunction can be written as the product of the spatial wavefunction, denoted by Ψ + (Ψ − ), and the corresponding two-particle spinor for the singlet (triplet) state. The spatial wave function Ψ + (Ψ − ) of the spin singlet (triplet) must be symmetric (antisymmetric) with respect to the exchange of two particles to make the total wavefunction antisymmetric. The spatial wavefunctions take the form
where ψ L (ψ R ) denotes a four-component single-particle wavefunction (for the Dirac particle with two bands and two valleys at K and K') localized at the left (right) quantum dot, and S = ψ L |φ R , which is enhanced when the Klein tunneling condition is met. The two-particle Hamiltonian can be written as
where H 1 is the single-particle Hamiltonian for a Dirac particle as defined in Eq. (1). The two-particle Schrodinger equation is
ψ L (ψ R ) appearing in |Ψ ± is expanded in a nonorthonormal basis set {|ν } as defined in Eq. (4) with ν being a composite index for (m, n, s). In each iteration with a given ψ R , we write |ψ L = ν C L ν |ν and solve for the expansion coefficients of C L ν according to the following projected Scrödinger equation for |Ψ ± .
where ν ′ , ψ R | denotes a product state of basis state ν ′ | and ψ R |.
The generalized eigenvalue problem to be solved becomes
where the Hamiltonian and overlap matrices elements are
The iteration continues until self-consistency is reached.
For the triplet state, we carry out the reorthonormalization and projection procedure described in Fang et al.
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to resolve the linear-dependence problem in the generalized eigenvalue problem. The width of each well is w, the well-to-well separation is d, the barrier height outside the double wells is µout, the height of the middle potential barrier is µ b , and the potential at the bottom of the well is set to zero.
C. The double well model
We model a GNB double-dot system by a double square well potential in the y-direction, as shown in Fig. 1 . Unless specified, we use the following parameters throughout this work. The physical parameters used in the model are those reported in the experimental study by Liu et al. 15 The width of the ribbon is W = 20(nm) ≈ 1q −1 0 , and hence our characteristic energy is vq 0 ≈ 32.9(meV ). The length of the ribbon is L = 800(nm) ≈ 40q
0 . The width of each dot (i.e., the width of each confining well) is w. The separation between the dots (i.e., the width of the potential barrier between two dots) is d. The potential heights of the barrier and outside region are given by µ b and µ out , respectively. The potential at the bottom of the well is set to zero. We use µ out = 1.5 vq 0 = 49.4(meV ) as suggested by previous theoretical work. 8 The Fermi energy is fixed at E F = 1 vq 0 . The number of sinusoidal basis functions used is 50.
III. RESULTS AND DISCUSSION

A. Single-particle solutions
We first examine the single-particle behavior of single and double potential wells. Figure 2 (a) shows the singleparticle energy levels as functions of confining barrier height µ out for a single potential well, where the width of the well is w = 2q separated by a constant 2 vq 0 , which corresponds to the band gap of GNB. In the gap, there are 3 quantized levels, which are the quantum confined states derived from the middle well. The dependence of these energy levels on the barrier height µ out matches the results obtained by solving the transcendental equation as described in Trauzettel et al. 8 . The good agreement validates our numerical procedure. It should be noted that our numerical method based on the expansion within a nearly complete basis set can handle not only the simple case of a GNB quantum dot defined by a square well but also arbitrary potential profile along the y axis. This makes it easy to extend to double wells and the two-particle problem for finding the exchange coupling between two neighboring qubits. 
0 . This figure involves some highenergy excited states, so the number of sinusoidal basis functions used in this calculation is enlarged to 100 for higher accuracy. These energy levels come in pairs (indicated by the same color but different curve types), corresponding to two split levels associated with the inter-well coupling of one energy level in the left dot and the corresponding one in the right. The amount of energy splitting reflects the coupling strength of the two states located in the two dots, which would be degenerate in energy in the absence of the inter-well coupling. Above the energy of the valence band maximum (VBM) of the barrier (black dotted line), there are three pairs of bound states indicated by blue, green, and red colors. The ground state (blue) pair is very close to the VBM of the barrier, and one expects to see enhanced inter-well coupling due to the Klein-tunneling effect.
Figure 2(c) shows the energy splittings due to interwell coupling (∆E m = E m+1 − E m ) as functions of the well-to-well separation, d for the same double square well potential in semi-log scale. E 0 is the ground state energy, E 1 is the 1st-excited state energy ...etc. The curves are almost linear in semi-log scale, indicating that the energy splittings decay exponentially with the well-towell separation. For small separation the ground state splitting, ∆E 0 is smaller than the excited state splittings ∆E m , m = 2, 4. However, for large separation (q 0 d > 4) the ground state splitting becomes larger than the excited state splittings, indicating the ground state splitting has a smaller decay rate comparing to the excited state splittings. This suggests that the inter-well coupling is enhanced by the Klein tunneling for the ground state pair, in qualitative agreement with the prediction in Ref. 8 based on simple estimation.
B. Effects of barrier height on two-particle solutions
Here, we study the effects of barrier height on the exchange coupling (J ex = E triplet − E singlet ) between two electrons in the GNB double well. Figure 3(a) shows −J ex as a function of barrier potential height µ b . For small barrier heights, −J ex can be either negative (for q 0 d = 2, blue solid) or positive (for q 0 d = 4, red dashed) depending on the well-to-well separation. For small barrier heights, the potential profile behaves like a single confining well instead of a double well. A singlet-triplet ground state transition is expected for barrier heights lower than a critical value, which shall be discussed further in Section III C. In this section we focus on the regime in which the barrier height is larger than or equal to the critical value. In our model, the critical value can be estimated by comparing the barrier height with both the single-particle ground state energy and the bottom of the conduction bands associated with the wells. In defined in this case. The super-exponential growth of −J ex as µ b increases for larger well-to-well separation as shown in Fig. 3(b) is a special characteristic of the GNB quantum dot qubit. The overlap between the wave functions of the electrons in the left dot and the right dot is expected to be enhanced by the Klein tunnelling of Dirac particles when the valence band maximum of the barrier is close to the energies of conduction band states in the wells.
8 This long-distance coupling of Dirac particles is suggested as a possible advantage of the GNB quantum dot qubit over qubits in conventional systems. For the GNB qubit, the exchange coupling for the long distance case (q 0 d = 4) is almost as large as that in the short distance case (q 0 d = 2) as the barrier height approaches µ b = 2 vq 0 . This implies that the valence band maximum in the barrier region is approaching the bottom of conduction band in the well. This result lends support to the proposal in Trauzettel et al. 8 . This overlap enhancement can be illustrated by examining the projected charge density, defined as 20) where Ψ ± is a four-dimensional vector defined in Eq. (13) . The projected charge density can be written explicitly as
For all cases, the ρ ± (y) is dominated by the sum of the first two terms, since the overlap S is small. We plot ρ ± (y) as a function of y in Fig. 4 for singlet and triplet states for various barrier heights. The electron density is mainly localized in the two potential wells. The charge density between two wells decreases as the barrier potential is raised from µ b = 0.3 vq 0 (red dotted) to 0.6 vq 0 (green dash-dot) and 1.2 vq 0 (blue dashed). However, as the barrier height is raised to a higher value µ b = 1.9 vq 0 (black solid), the charge density between the wells becomes significantly larger for the singlet state as seen in Fig. 4(a) . In contrast, there is much smaller change in charge density for the triplet state for the correspond- 
The density in the barrier region decreases as µ b increasing from zero to 0.6 and 1.2 vq0, but increases as µ b further increases to a higher value 1.9 vq0. The increment of density in the barrier region is significantly larger for the singlet state than that of the triplet state. The width of the wells is w = 4q
ing change in barrier height. The enhanced charge density at the middle for the singlet is caused by the long tails of |ψ L (x 1 , y 1 )| 2 and |ψ R (x 1 , y 1 )| 2 extending into the opposite well, which result from the Klein tunneling effect. The long tail is enhanced (reduced) for the singlet (triplet) state, which is driven by the positive (negative) exchange term.
This counter-intuitive behavior due to Klein tunneling is one of the special characteristics of Dirac particles. As the barrier height approaches µ b = 2 vq 0 , the VBM of the barrier is aligned with the conduction band minimum in the well. This leads to an enhancement of the overlap between the two electrons. This result is consistent with the result shown in Fig. 3. C. Effects of inter-dot distance on two-particle solutions (which equals to d + 2w, as shown in Fig. 1 ). This situation has been studied by using various first-principle calculations, as summarized in Ref. 27 . The ground state is a singlet for a short ribbon, and a triplet for a long ribbon. Our result is consistent with the previous studies for this limiting case. In particular, the red dash-dot line is similar to Fig. 2(a) in Ref. 27 . The change of sign of J ex as q 0 d varies has a simple physical explanation. Whether the ground state is the singlet or triplet state depends the relative strength of the kinetic energy and the potential energy due to mutual Coulomb interaction. Similar to interacting electrons in a jellium model, the kinetic energy of the system scales like 1/r 2 s and potential energy scales like 1/r s , where r s denotes the average distance between electrons in the system. For small interdot separation, the kinetic energy dominates and the singlet state has lower total energy since its wavefunction has less spatial variation (due to symmetric behavior) as compared to the the triplet state. A the separation gets larger, the potential energy dominates and the total energy of the singlet state becomes higher, since it has more charge piling toward the center as compared to the the triplet state as illustrated in Fig. 4 . In our calculation, the singlet-triplet ground state transition occurs roughly at the critical distance d c ≈ 3q D. Effects of well width on two-particle solutions Figure 6 shows the charge density along the y-axis for various well widths for (a) the singlet states and (b) the triplet states. The inter-well separation is fixed at d = 4q
and the barrier height is µ b = 1.9 vq 0 . For small well width with q 0 w = 4 (black solid), the density in the barrier region for the singlet state is much higher than that of the triplet state. For larger well widths, the charge densities spread out from the center, and the difference of the charge densities between the singlet state and the triplet state in the barrier region become less significant. The absolute value of exchange coupling is hence expected to be very small for large well width. This is shown in Fig. 7 , where −J ex is plotted as functions of well width. For barrier height larger than the critical value µ b = 1.5 vq 0 (blue solid) and µ b = 1.9 vq 0 (green dashed), the exchange splitting decays exponentially, as shown in the semi-log scale in Fig. 7(b) . The exchange splitting of µ b = 1.9 vq 0 is much larger than that of µ b = 1.5 vq 0 , since Klein tunneling emerges as the VBM of the barrier gets close to the conduction band states of the wells. For zero barrier height (red dash-dot), there is only a single confining well, and the curve is just the long-distance extension of the same curve (red dash-dot) in Fig. 5 (a) discussed in the previous section.
E. Qubit operation
One figure of merit for qubit operation is the ratio of coherence time to switching time T c /τ s , where T c is the coherence time and τ s is the switching time required for a SWAP 1 2 gate operation. 4, 28 Within our model and range of parameters, the maximum exchange splitting for graphene nanoribbon quantum dot qubit is |J ex | graphene ≈ 0.002 vq 0 = 66µeV , which is of the same order as the typical value for GaAs quantum dot qubit |J ex | GaAs ≈ 100µeV .
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Various sources of spin decoherence in graphene quantum dot are investigated, including spin-orbit coupling, [32] [33] [34] [35] electron-phonon interaction, 34,36,37 and hyperfine interaction. [38] [39] [40] . The coherence time for graphene is expected to be T c ≈ 80µs, three orders of magnitude longer than that of GaAs. 39, 41 Since the coherence time is much longer and the switching time is similar, we expect the figure of merit of graphene is much better than that of GaAs. In the original proposal, the exchange coupling is estimated to be J ex ≈ 0.1 ∼ 1.5meV using single-particle picture and empirical value for Coulomb interaction, 8 which is an overestimation comparing to our calculation. Our calculation provides details of the exchange splitting versus various parameters associated with gate operation, and confirms that the magnitude of J ex required for qubit operation is achievable in the presence of electron-electron interaction, even though it is somewhat smaller than the previous estimation.
The barrier height of the outside region µ out should be carefully chosen to avoid the electron leakage caused by Klein tunneling. µ out = 1.5 vq 0 in the current model, so an electron state will be confined in the double well if its single-particle energy lies in the band gap of outside region (0.5 vq 0 < E < 2.5 vq 0 ). However, if the single-particle energy is too close to the VBM (0.5 vq 0 ) or the bottom of conduction band (2.5 vq 0 ) of the outside region, the electrons could also tunnel out from the double well. In our numerical tests, it is safe to set µ out = 1.5 vq 0 and the Fermi energy E F is set to be slightly above the conduction band minimum (1 vq 0 ). This region of operation could be identified by measuring the charge stability diagram of a graphene double quantum dot device.
IV. CONCLUSION
We have performed theoretical studies of the electronic structures of GNB quantum dot qubits using the Dirac equation and a double square well potential. The two electron wave functions and exchange splitting are calculated for various potential configurations by using a GVB wave function within the unrestricted Hartree-Fock approximation. As the barrier height approaches 2 vq 0 (the band gap of the nanoribbon), the magnitude of the exchange coupling is enhanced by the Klein tunneling. This enhancement can make the long distance coupling almost as large as the short distance coupling. We found that the exchange coupling between two GNB quantum dot qubits can switch sign as the average inter-particle distance varies. This behavior is consistent with previous first-principle studies for two electrons in a finite-length GNB (which corresponds to the zero barrier limit of our GNB double dot system). 27 For higher barriers, the magnitude of the exchange coupling decays, but it can be magnified by the Klein tunneling when the valence band maximum of the barrier is close to the conduction band states of the wells. We found that the magnitude for the exchange splitting required for qubit operation is achievable, and the figure of merit of the GNB qubit is expected to be significantly better than that of the GaAs quantum dot qubit.
